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1. WHAT IS RANDOMNESS?

• von Mises (1919) introduces this as a foundation for
probability theory
• von Mises thought that random sequences were a type of

disordered sequences (stochastic approach)
• Ville’s counter example (1939): von Mises approach is not

a good choice
• Kolmogorov and Chaitin (further developed by Levin,

Schnorr and others): uncompressible
• Martin-Loef (1966, then a student of Kolmogorov):

typicalness based
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2. MARTINGALE

• Schnorr (1970s) tried to give a uniform approach to the
definition of random sequences using martingales
• A long open question: were recursive martingale

based random sequences the same as effective non-
constructivity based random sequences?
• van Lambalgen (1987) and Jack Lutz (1992) have

conjectured that they are different. Indeed, this problem
had been open since Schnorr’s work in 1971.
• van Lambalgen and Lutz re-examined this problem due to

its increasing importance in the complexity theory
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3. TURING MACHINE HALTING PROBABILITY?

• Chaitin called the halting probability of a universal self-
delimiting Turing machine the Ω number.
• When working with Chaitin in IBM Watson research,

Solovay defined the concept of Ω-like number.
• Roughly speaking, a real number is Ω-like if its

approximation dominates the approximation of all other
computable real numbers.
• Solovay showed that Chaitin’s Ω number is Ω-like
• But how about the other direction?
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4. MARTINGALE

• A martingale is a function F : Σ∗ → R+ such that, for all
x ∈ Σ∗,

F (x) =
F (x1) + F (x0)

2
. (1)

A martingale F covers a set C of infinite sequences
if, for each ξ ∈ C, lim infnF (ξ[0..n − 1]) ≥ 1. A
martingale F succeeds on an infinite sequence ξ ∈ Σ∞

if lim supnF (ξ[0..n− 1]) =∞. NULLF denotes the set of
infinite sequences on which F succeeds.
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5. MARTINGALE AND LEBESGUE MEASURE

A set of infinite sequences has Lebesgue measure 0 if
and only if there is a martingale which succeeds on all
sequences in the set.
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6. MARTINGALE AND LEBESGUE MEASURE

For each basic open set Cx, define a martingale Fx by

Fx(y) =


2|y|−|x| y v x
1 x v y
0 otherwise

Then Fx(λ) = Prob[Cx] and, for all y ∈ x · Σ∗, Fx(y) = 1.
That is to say, Cx is covered by Fx.
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7. MARTINGALE AND LEBESGUE MEASURE

Lemma 1. For each null set C, there is a martingale F

which succeeds on C.

Proof. Because C is a null set, for each n, there is an
open set Cn such that C ⊆ Cn and Prob[Cn] ≤ 2−n.
There is a martingale Fn such that Fn(λ) ≤ 2−n and Cn

is covered by Fn. Let F (x) =
∑

n∈N Fn(x). Then F is a
martingale which succeeds on C.
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8. MARTIN-LÖF RANDOMNESS

Definition 1. (Martin-Löf) A Martin-Löf test is a r.e. set
U with Prob[U [k] · Σ∞] ≤ 2−k for all k ∈ N . An infinite
sequence ξ does not withstand the Martin-Löf test U if ξ ∈
U [k] ·Σ∞ for all k ∈ N . A sequence ξ is Martin-Löf random
if it withstands all Martin-Löf tests.
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9. MARTIN-LÖF RANDOMNESS (MARTINGALE)

Definition 2. (Schnorr) F : Σ∗ → R is weakly approx. if
there is a rec function h : N × Σ∗→ Q such that

9.a) For each n ∈ N and x ∈ Σ∗, h(n, x) ≤ h(n+ 1, x).
9.b) For each x ∈ Σ∗, limn h(n, x) = F (x).

Definition 3. (Schnorr) An m-test is a weakly approximable
martingale F . An infinite sequence ξ does not withstand the
m-test F if F succeeds on ξ. A sequence ξ is m-random if
it withstands all m-tests.
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10. REC-RANDOMNESS

Definition 4. (van Lambalgen and Lutz) A rec-test is a
recursive martingale F : Σ∗ → Q+. An infinite sequence
ξ does not withstand the rec-test F if F succeeds on ξ. A
sequence ξ is rec-random if it withstands all rec-tests.
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11. EFFECTIVE RANDOMNESS

Computability and the martingale property suffice to
characterize effective tests. But which sequences are
refused by an effective test? · · · one would define that
a sequence ξ does not withstand the test F if and only
if lim supnF (ξ[0..n − 1]) = ∞. However, if the sequence
F (ξ[0..n−1]) increases so slowly that no one working with
effective methods only would observe its growth, then the
sequence ξ behaves as if it withstands the test F . The
definition of NULLF has to reflect this fact. That is, we
have to make constructive the notion lim supnF (ξ[0..n −
1]) =∞. (From Schnorr)
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12. EFFECTIVE RANDOMNESS

Definition 5. (Schnorr) An s-test (Schnorr test) is a pair
(F, h) of functions such that F is a recursive martingale
and h : N → N is an unbounded, nondecreasing,
recursive function. A sequence ξ does not withstand the
s-test (F, h) if lim supn(F (ξ[0..n − 1]) − h(n)) ≥ 0, i.e.,
if F (ξ[0..n − 1]) ≥ h(n) i.o. A sequence ξ is s-random
(Schnorr random) if it withstands all s-tests.
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13. WEAK RANDOMNESS

Definition 6. A weak-test is a pair (F, h) of functions
such that F is a recursive martingale and h : N →
N is an unbounded, nondecreasing, recursive function.
A sequence ξ does not withstand the s-test (F, h) if
lim infn(F (ξ[0..n− 1])− h(n)) ≥ 0, i.e., if F (ξ[0..n− 1]) ≥
h(n) a.e. A sequence ξ is weak-random if it withstands all
weak-tests.
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14. THE RELATION AMONG THE NOTIONS OF

RANDOMNESS

W-RAND
S-RAND

rec-RAND
M-RAND

14



c©
YONGGE

WANG
15. APPLICATIONS

• For many simulation systems, it is hard to determine the
source quality of randomness
• The approach presented here describes a way to

simulate our environments (even social environments)
with effective metrics
• The environments are normally considered as chaotic
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16. QUESTIONS

• Question?
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